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Continuum Models for Beam- and Platelike Lattice Structures

Ahmed K. Noor,* Melvin S. Anderson,t and William H. Greene}
NASA Langley Research Center, Hampton, Va.

A simple, rational approach is presented for developing continuum models for large repetitive beam- and
platelike lattices with arbitrary configurations subjected to static, thermal, and dynamic loadings. The con-
tinaum models for these structures are shear flexible beams and plates. They account for local effects in the
repeating element of the actual structure and are characterized by their thermoelastic strain and kinetic energies,
from which the equations of motion and constitutive relations can be derived. The procedure for developing the
expressions for thermoelastic strain and kinetic energies of the continuum involves introducing basic assump-
tions regarding the variation of the temperature, displacement, and strain components in one or two directions
(for plate- and beamlike lattices) and obtaining effective thermoelastic and dynamic coefficients of the con-
tinuum in terms of material properties and geomeltry of the original lattice structure. The high accuracy of the
continuum models developed is demonstrated by means of numerical examples. ’

Nomenclature

A;A5A,, A, = cross-sectional areas of members of
the lattice

a,,a, =side lengths of platelike lattices

a =planform area of repeating element of
platelike lattice

bd L . =length of members of the lattice

Cogyp> Cisaps Ci33 =extensional stiffnesses of continuum
plate model

C 353 =transverse shear stiffnesses of plate
model

C,,Cr—Cy =stiffnesses of continuum beam model

Cr,Fr,Dy =effective thermoelastic stiffnesses of
continuum models

Do, =bending stiffnesses of plate model

E . =elastic modulus of the material

FogyorFasay =stiffness interaction coefficients of
plate model

h =distance between top and bottom
surfaces of double-layered grids

K = kinetic energy

L =length of repeating element of
beamlike lattice

(9 (i=1-=3) =direction cosines of member k

My, My, My, Mo,

M3, M55, 155, M 33 =density parameters of continuum
models

n =number of bays of the lattice

P, P, P}, =external load components in the

coordinate directions at node j
72,0,T?(i=1-3) =uniform temperature and temperature

gradients in the x; coordinate
B directions
Uu =thermoelastic and isothermal strain
energies
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U, U, = contributions of linear and quadratic
terms in T? and 4,79 to the strain
energy

Uy Uy, W =displacement components in coor-

dinate directions
w =work done by external forces

X1,X5,X3 = Cartesian coordinate system

Oy, 00,0, 00,0, = coefficients of thermal expansion of
members of lattice

b,b,,0; =rotation components

w =circular frequency of vibration

=strain components in coordinate
directions

e (ij=1-3)

€9,2¢9,,2¢9; =extensional and transverse shear
strains of beam model

kg =curvature changes and twist of plate
model

k9,x9,&0 = curvature changes and twist of beam
model

P1sP2:P 0Py =mass dgnsity of lattice members

3, =9/0x;(i=1-3)

Introduction

ECAUSE of increasing interest in large lattice-type

structures for space applications, approximation of re-
petitive lattice grids with equivalent continuum models has
gained popularity in recent years. Continuum models provide
a simple means of comparing structural characteristics of
lattices with different configurations and assessing the sen-
sitivity of their responses to variations in material and
geometric properties. Conventional finite-element analyses of
such grids with a very large number of nodes are expensive
and time-consuming. The continuum approximation,
therefore, provides a very practical solution method for
overall response and is particularly useful from the
preliminary design point of view.

The key to approximation of lattice grids by continuum
models is the selection of relationships between the geometric
and material properties of the two systems. For isothermal
problems, a number of approaches have been used to develop
continuum models and to determine the.appropriate relations.
These approaches include 1) relating the force or deformation
characteristics (or both) of a small segment of the lattice to
those of a small segment of the continuum'?; 2) using the
discrete field method to obtain the governing difference
equations of the lattice and either solving them directly?® or
converting them into approximate differential equations*;
and 3) expanding the nodal displacements of a typical
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(repeating) element of the lattice in Taylor series and equating
the potential and kinetic energies of the lattice and continuutn
models.” This latter approach was found to work well for
lattices with simple configurations. The approach was ex-
tended to thermoelastic problems in Ref. 8. However, for
more complicated lattice configurations where the repeating
element includes more than one bay, the predictions of the
continuum models of Refs. 7 and 8 were found to be
somewhat inaccurate. Careful examination of these situations
revealed that certain local effects in the repeating element
which were neglected in Refs. 7 and 8 must be incorporated to
simulate accurately the response of complicated lattice
structures. The present study focuses on this problem.

The objectives of the present paper are 1) to present a
simple, rational method for developing continuum models
which accounts for local effects in the repeating element, for
large repetitive plate- and beamlike lattices subjected to static,
thermal, and dynamic loadings (an extension and an im-
provement of the methods presented in Refs. 7 and 8); and 2)
to demonstrate the accuracy of these models by means of
numerical examples.

Development of the Energy Expressions
for the Continuum Model

The first step in obtaining the expressions for the ther-
moelastic strain and kinetic energies of the continuum model
is to isolate a typical (repeating) element of the original lattice
grid. Then, the thermoelastic strain and kinetic energies of the
repeating element are expressed in terms of the strains,
temperatures, and nodal velocities as well, as the geometric
and material properties of individual members. The transition
from the discrete lattice structure to the continuum model is
done by 1) introducing assumptions regarding the variation of
the displacement components and temperature in the
thickness direction for platelike lattices and in the plane of the
cross section for beamlike lattices, 2) expressing the strains in
the individual members in terms of the strain components in
the coordinate directions which result from the assumed
displacements, and 3) expanding each of the strain com-
ponents in the coordinate directions in a Taylor series. The
number of terms in the Taylor series is governed by the
complexity of the problem and in no case should exceed the
number of independent deformation modes in the lattice
repeating element. This number is reduced further by
requirements to insure compatibility at the interface of two
repeating elements. The introduction of the displacement and

temperature assumptions is the key element in replacing the

three-dimensional lattice structure by a two- or one-
dimensional continuum model. The replacement of the
member strains by the Taylor series expansions of the strain
components in the coordiante directions provides the tran-
sition from discrete structure to the continuum. The use of
strain expressions rather than displacement expansions
distinguishes the present approach from that presented in
Refs. 7 and 8 and results in a greatly simplified expression for
the thermoelastic strain energy of the continuum model.

Application to Beamlike Lattices

The proposed approach was applied to the beamlike lattices
having triangular cross sections shown in Fig. 1. The con-
tinuum models for these lattices are one-dimensional beams.
In each case, a typical element (chosen to be the smallest
repeating element) is isolated from the grid. The triangular
cross section provides the minimum number of longitudinal
members but can result in undesirable skew deformations for
certain reinforcing arrangements. These deformations are
prevented by the use of the double lacings shown in Fig. 1a or
by the use of the lacings shown in Figs. 1b and lc. The
repeating element of the lattice shown in Fig. 1a has double
lacing and extends over one bay of the original structure,
whereas the repeating elements of the lattices of Figs. 1b and
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Fig. 1 Beamlike lattices used in present study.

Ic have single lacing and extend over two bays of the original
structures. All of the triangular frames formed by the battens
in the first two lattices have the same orientation, but the
triangular frames of the third lattice are rotated alternately
180 deg about the x, axis. Henceforth, the three lattices are
referred to as single-bay, double-laced beams; double-bay,
single-laced beams; and inverted batten beams, respectively.

Kinematic and Temperature Assumptions

Since each of the displacement components has a linear
variation along the pin-connected members of the repeating
element, the three displacement components of the lattice are
assumed to have a linear variation in the plane of the cross
section (plane x,-x;), i.e.,

ul('x[:x%)xj)zu([)—x2¢3 +x;0, (1a)
Uy (X, Xp,03) = UG + X650+ 03[~ @, + 12 (2€9;)] (1b)
W(x;,X,x3) =woHx,[h, + 12 (2% ) +x;€8 ... (1c)

where u9,uf,w? are the displacement components at x, =
x;=0; ¢,,0,,9; are the rotation components; €} and €} are
the extensional strains in the x, and x; directions; and 2¢9; is
the shearing strain in the plane of the cross section. The sign
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Fig.2 Beam element and sign convention.

convention for the displacement and rotation components is
shown in Fig. 2. The nine parameters uf, u$, w’, ¢,, ¢,, ¢;,
€9, €9, and 2€9; are functions of x; only.

For lattices with triangular cross section (such as the ones
shown in Fig. 1), the deformed position of any cross section is
specified completely by the three displacement components of
its three nodes (a total of nine displacement parameters).
Moreover, each of the displacement components has a linear
variation in the x, and x; directions. Since there are a total of
nine free parameters in the displacement expressions of Egs.
(1), these equations provide an exact representation of the
displacement field for the lattices shown in Fig. 1.

As a consequence of the kinematic assumptions, Eqgs. (1),
the strain components have a linear variation in the x, and x;
directions as follows:

€, =0uf —x,3b; +x;9¢, =€ —x,k5 +x;43 (2a)
€22 =fg (2b)
€33 =€§J (2¢0)

2e1,= (uf —¢3) +X,0€5 +x;[— 30, + 120(2€%;)]

=2¢%, +x,0€d +x;[— &0 + 153 (2¢93)] (2d)
2€;; = (W0 +6,) +x,[0¢, + 53(2€5;) ] +x;0¢}

=2¢% +x,[k? + 1/26(2623’)] +x; 8¢9 (2e)
2e,; =2¢%; (2f)

where € is the extensional strain of the centerline; 9, «$ are
the curvature changes in the x, and x; directions; «? is the
twist; 2¢%, and 2¢9; are the transverse shear strains; and
d=d/dx,. The strain measures €9,¢J,€9,2¢%,,2¢9;,2¢%;,x9, «9,
and «Y are functions of x, only.

The temperature distribution also is assumed to be linear in
the x, and x; directions, i.e.,

T(x;,X,%;) =T +x,3,T % +x;8,T° 3)

where TY is the temperature at x,=x;=0; and d,
T%=9T"/dx,, 3;T°=0T"/3x; are the temperature grad-
ients in the x, and x; directions.

Strain Expansions

The axial strain in each member of the repeating element is
replaced by its expression in terms of the strain components in
the coordinate directions, i.e.,

3 3

ek = E Eef}k"’f“@(“ o

i=1 j=1
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where € (%) is the axial strain in a typical member; /%’ are the
strain components in the coordinate directions evaluated at
the center of the member; and £/%) are the direction cosines of
the member 4.

The strain components in the coordinate directions ¢/*) are
expanded in a Taylor series about a suitably chosen origin as
follows:

€8 = €0 —x§0 kG + x{0 kg + x 0 (3§ — x50 3k +x§K) 3kd) (Sa)

e =ed +x10 3e) + V5 (x§F) )2 32¢) (5b)

e =€ +xi 3l + 2 (xf0) )2 §2€ (5¢)

2ef8) =2e%, + x50 3e5 + x40 [— k0 + 120 (2€5)]

+x0 £3(2e9,) + x5 07§ + xR [—0k? + 1497 (2€53)1)
(5d)

2e [0 =2e9, + x5 [k, + 120(2e%5)] + x40 €l

+x £3(2e%;) + x5 [9k0 + 1402 (2€9,) 1 +x10 827} (Se)
y 3 3

260 =2e5, +x 3 (2e95) + 4 (x0 )2 92 (2€9;) (5

where x{© ,x{0, and x{¢’ are the coordinates of the center of
the kth member, and 87 =d? /dx?.

Compatibility between repeating elements of the beam
model requires that the strain components in the plane of the
cross sections of two adjacent elements (e,;,€;;, and 2¢,;) be
identical at their interface. This condition is satisfied if the
odd-order derivatives of these strain components [singly
underlined terms in Eqs. (5)] are set equal to zero, i.e.,

3e)=0e3=9(2¢%)=0 (6

Compatibility conditions, Eq. (6), can be verified easily for
the simple loading cases of pure axial force, pure bending,
and transverse loading.

For lattices with a single-bay repeating element (such as the
one shown in Fig. 1a), there are 12 independent deformation
modes that correspond to the zeroth-order terms in the Taylor
series expansions. And since there are three compatibility
conditions, Eqgs. (6), the total number of strain components
which can be used in this Taylor series expansion, Eqgs. (5),
reduces to nine. This is equivalent to assuming a uniform state
of strain €7,49,44,2¢%,,2¢%;,k%,€3,¢9,2¢9; within each repeating
element.

For lattices with two bays in their repeating element (such
as the ones shown in Figs. Ib and Ic¢), an additional nine
strain parameters are possible. If all of the first-order terms in
the Taylor series expansion are added (terms linear in x;), a
total of nine first derivatives of strain components and the
three second derivatives d°¢,3%¢9, and 32 (2¢J;) appear. The
first-order terms involving €9,¢}, and (2¢9;) again are
set equal to zero because of compatibility. This reduces the
number of additional strain parameters to the nine possible
ones. Thetefore, the total possible strain parameters in a two-
bay repeating element is equal to 18. However, in order to
account fully for the contributions of the second derivatives
3°€%,0°¢}, and 3% (2¢Y;), the second-order terms of the
Taylor series expansions of e,,,6,; and 2¢,; [doubly un-
terms in Eqs. (5)] must be included.

Thermoelastic Strain Energy

The thermoelastic strain energy of the repeating element is
given by

i
U= — E ) A K [ (k) (g (k) o (k) TR}y 2 7
5 X (e ) W

members
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where € (¥ is the axial strain of a typical bar k; E;, A, L, «, and
T are the elastic modulus, cross-sectional area, length,
coefficient of thermal expansion, and average temperature of
member k. :

If e %) in Eq. (7) is replaced by its expression in terms of the
different strain components, Eqs. (4) and (5), the ther-
moelastic strain energy of the repeating element U can be
written as a function of the strain gradients, as well as the
strain components and temperature.

Inclusion of the strain gradients is the key to obtaining
correct- stiffnesses for more complicated configurations,
especially those having more than one bay in a repeating
element. For example, the planar truss configuration under
end loading shown in Fig. 3 undergoes deformation, as shown
by the dashed lines. On the average it remains straight, but
locally a zig-zag pattern occurs. The use of strain gradients
allows such a pattern.

Since, in general, such local deformation should be allowed
to occur freely, the forces associated with it should be zero.
This can be accomplished by setting the derivatives of the
energy with respect to the strain gradients equal to zero, i.e.,

auU U 30U 303U
3[0e7)  aloxg]  ol9k3)  A[A(2€%,)]  9[0(2¢%5)]

_oU _ 80 _ 98U U
T 9[0k0]  8[8%€9]  B[8%€d)  9[87 (2¢%)1

®

Moreover, in order to obtain a shear-deformation-type beam
theory, the forces associated with the strain components in the
plane of the cross section are set equal to zero, i.e.,

a0 20 a0

63 " 8l a(2eh)

©)
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Equations (8) and (9) can be used to express the strain
gradients and the strain components €J,€9,2¢9; in terms of the
other strain components and temperatures, thereby reducing
the thermoelastic strain energy to a quadratic form in the six
strain components €7,43,«9,2¢%,,2¢9;,k? and temperature
only. The resulting expression of the thermoelastic strain
energy can be written in the following form:

O=U-U,-U, (10)

where U is the isothermal strain energy; U, and U, are
contributions of the linear and quadratic terms in 77, 9,7°
and 8; 77, to the strain energy. The quantity U, is free of
displacements and rotations and, therefore, has no con-
tribution to the equations of motion. The quantity U, is linear
in the displacements and rotations. The expressions of U and
U, are given by

U =%L{e} [Clle} (11a)

Uy=Lle)'{Cr) (11b)

where
te}'=1[ef «§ «§ 2€%, 2¢%; «(1

L is the length of the repeating element, [C] is the 6 X 6 matrix
of stiffness coefficients; {C;} is a vector of effective ther-
moelastic stiffnesses of the beam model; and superscript ¢
denotes transposition. The thermoelastic coefficients [C] and
{Cy} for the three grids shown in Fig. 1 are given in Table 1.
In this table, C;, refers to the extensional stiffness of the
beam; C,, and C;; are the bending stiffnesses; C,, and Cjs
are the transverse shear stiffnesses; and Cg is the torsional
stiffness.

Table1 Thermoelastic and dynamic coefficients for the beam models of the lattice grids shown in Fig. 1

Single-bay double-laced beam

Double-bay single-laced beam

Inverted batten beam

2L 2L

L L
3 6 i L3
C *(EA +2 EA) 3F,A — __E A
1 1Ak 3 Laty 11 1+ (5/18)7 djEd d
C,,=C 2( A +1L3EA) L b7 L
2=C3; rAipt 5~ Eady 5 S m; aAa
b’L 3 b’L b’ L
Cu=C 3 ——EA —— — E A —_—
44=Css 7 Fadla 20+ 0N @ Eeda P Ed.Ad
1b%L 1 biL 1b6°L
C SICEA - 2= SLr
6 243 T 1d+n @ Eadd 2 g7 Bada
b d b d
m, 3(p,A,+ZpbAb+2ZpdAd> 3(p,A,+ZpbAb+ ipdAd) 3<LpbAb+2LpdAd)
b? b d b? 1b ld b2 (1 b 5d
my, =ms; 5 (P/A/+ 3 ZpbAb+ ZpdAd) > (P/A1+ > ZOdAb+ 3 ZpdAd> ) (5 inAb*'} ipdAd>
3 L b? 2 L b2
Cry /T —[aEA +2—EA(a ——a)] 3a,E,A < = ( -z )
7! n £ 8 g\ T % 1£14, 1+(5/18)7dEdAd 3oy dzab
]
b? 1L b? b? A b2
Cr/0,T% = —-2—“ [aIEIAII""}aEdAd(ad_(?ab)] —;a,E,A, : m aEdAd(_?ad—-Ei—zab)
—CT3/63T0
b’ E, L’ EA b’ E,A
p=l42- Zddd ‘ A= 2l y=— A
d’ E,A, 4’ E,A, 4 E,A,
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Comments on the Thermoelastic Characteristics of the Beam Models

In obtaining the thermoelastic characteristics of the three
grids shown in Fig. 1, the following observations were noted:

1) For the inverted batten beams shown in Fig. Ic, the
second derivatives of the strain components €J,eJ, and 2¢J,
must be included in the Taylor series expansions, Egs. (7), in
order for the batten members to participate in the transverse
load-carrying ability of the beam as observed for the actual
structure. When the second derivatives are included, the
batten members contribute to the bending stiffnesses of the
beam model. On the other hand, the stiffness coefficients of
the double-bay, single-laced beam shown in Fig. 1b are not
affected by the inclusion of the second derivatives.

2) A classcial beam theory can be obtained from the shear
deformation beam theory used in the present study by setting
the transverse shear strains =0, i.e.,

2e9,=0ud—¢, =0 (12a)
2efy=0w’+¢,=0 (12b)

Kinetic Energy

If a consistent mass approach is used, the kinetic energy of
the repeating element can be expressed as follows:

i , o
K= _o? Y 0 A0 LG [l +ui+ ()2

members
+ (b)) Hubudh + (uh) 2+ (w2 +wiw/ + (w/)2]  (13)

where p is the mass density of a typical bar k& joining nodes /
and /, and w is the circular frequency of vibration.

If Egs. (1) are used and the inertia terms associated with the
strain components €,¢J, and 2¢9; are neglected, the kinetic
energy of the beam model can be written in the following
form:

K="Lw?[my(ud uf+udud +wow?) +2my, (—ul; +wiep;)

+2mg; (Uh, —uld;) —2my by +my (¢,0, +6;6;)
+my; (9,0, +0,0,)] (14)

where m,mg,,my;,m,;,m,,, and m;; are density parameters
of the beam; and w is the circular frequency of vibration of
the beam.

Work Done by External Forces

The expression for the work done by external forces,
consistent with the kinematic assumptions, Egs. (1), is

W= Y [P (u) =X + x4, ) + P {ud +x4ed +xi[ o,
i

+12(2e3) 1)+ P5 (w0 +x5h[d, + 12 (2e5) 1 +x5ed)] - (15)

where P}, P5, and P} are the external load components in the
coordinate directions at a typical node /, and the summation
extends over all points of application of the external forces.

Application to Platelike Lattices
In this section, applications of the proposed approach to
the hexahedral and tetrahedral grids shown in Figs. 4a and 4b
are outlined. The tetrahedral grid has many attractive features

P/2 L G " P/2
.

—-~-- 4

PI2 AREE EE8 Ve S5 SN~ P2
Fig. 3 Deformation of axially loaded lattice truss.
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for application to large-area space structures, and many of its
stiffness characteristics have been derived by other methods.
The hexahedral grid contains many more redundancies and
has vertical members that present difficulties in some ap-
proaches. Therefore, the hexahedral grid provides a good
check on the versatility and reliability of the approach
presented herein. In each case, a typical repeating element is
isolated from the grid. The continuum model in this case is a
two-dimensional plate continuum. For convenience and
conciseness, index notation is used throughout this section.

Kinematic and Temperature Assumptions

The three displacement components u,,u,, and w are
assumed to have a linear variation in the thickness coordinate
X3, i.e.,

Uy (Xg,X3) =ul +x;0, }a,,8=1,2 (16)
w(xg,x3) =w’ +x;€]

where 19 and wY are the displacement components at x; =0,
¢, are the rotation components, and ¢} is the transverse
normal strain in the x; direction. The sign convention for the
displacement and rotation components is shown in Fig. 5.
Equations 16 represent the exact displacement variation in the
thickness direction provided that no internal nodes are
present.
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Fig. 4 Double-layered grids used in present study.
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Fig.5 " Plate element and sign convention.

As a consequence of the displacement assumptions, Eqgs.
(16), the strain components have a linear variation across the
thickness of the plate as follows:

€ug = 7] (aaug +33ug) +Xx; V2 (aa¢5+aﬁ¢°‘)

—Egla +X3Kgﬁ (17a)
€53 =€3 (17b)
2e,; = (0, w0 +¢,) +x;0,€]=2€%; +x;3,€ (17¢)

where €/ are the extensional strains of the middle plane; € is
the transverse normal strain of the middle plane; kJ; are the
curvature changes and twist; and 2¢%; are the transverse shear
strains. The strain measures €9%,x5,¢f, and 2¢%; are in-
dependent of x;

The temperature distribution also is assumed to be linear in
the x; direction, i.e.,

T(xg,x3) =T%(xg)+x; 8;T"(x3) (18)

where T Y is the temperature at x; =0, and 8; 7 ?=9T °/dx; is
the temperature gradient in the x; direction.

Strain Expansions

The thermoelastic strain energy of the plate continuum is
obtained by first replacing the axial strain in each member of
the repeating element by its expression in terms of the strain
components in the coordinate directions e {**, Eqgs. (4), and
then expanding %) in Taylor series about a suitably chosen
origin. For the two grids shown in Figs. 4a and 4b, the

following truncated Taylor series were used:

2 .
el =8 +x§ s+ Y x %0 (8,60 +x5, k%) (19a)
y=1

2
e =+ ) x{Pa,e (19b)

a=1

2
2e) =2€%, +x{0 €l + leé“ [0, (2¢%) +x§98,8,€9]
(19¢)

where x{©) and x{¥) are the coordinates of the center of the
kth member.

The number of strain terms to be included in the Taylor
series expansion can be determined by consideration of the
independent deformation modes of the repeating element and
the compatibility conditions with adjacent elements, as was
done in the preceding section for beamlike lattices. For the
tetrahedral grid, only the zeroth-order terms in the Taylor
series expansion were included, and d,¢} was set equal to zero
to satisfy the compatibility conditions with adjacent elements.
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For the hexahedral grid, the following first-order terms in
the Taylor series expansion also were included: 3, 2¢%;),
9,8,€9, and 8, x%;. However, the latter two did not contribute
to the stiffness coefficients.

Thermoelastic Strain Energy
The expression for the thermoelastic strain energy for the

two grids shown in Fig. 4 can be written in the following
form:

U= Ulels,€9.6%5,2€5,8., (2€%5),0,x%4,8,3,€5, T °,8;T ]
(20

Inclusion of the gradients of the transverse shear strain
measures 2eJ; and d,¢$ is the key to obtaining correct stiff-
nesses for complicated double-layered grids such as the
hexahedral grid. Since deformations associated with d, (2€%;)
and d,0,¢j should be allowed to occur freely, the forces
associated with such deformations should be zero, i.e.,

a0 AU i
0, (2¢%,)]1 ~ 9[9,9,€%]

@n

Moreover, to obtain a shear-deformation-type plate theory,
the stress resultant associated with € is set equal to zero, i.e.,
U
20 0 22)
Equations (21) and (22) can be used to express the strain
gradients and the strain component ¢} in terms of the other
strain components and temperatures, thereby reducing the
thermoelastic strain energy to a quadratic form in the strain
components €%,k%;,2¢J; and temperatures 72,3, T °.
The resulting expression of the thermoelastic strain energy
can be written in the following form:

U=U-U,-U, (23)

where U is the isothermal strain energy; U, and U, are the
contributions of the linear and quadratic terms in 7Y and
3;T ? to the strain energy. The expressions for U and U, are
given by

U= 1:a{C,4,,e%¢%, (extensional strain energy)

+D 4,459, (bending strain energy)

+C3p3 (2e85) (2¢;) (transverse shear strain energy)

+2Faﬁwfgﬁ"gp (bending-extensional coupling)

+2F 55, (2¢ 9, )eg.,] (transverse shear-extensional

coupling) (24a)
Ur=al[Cragets + Frapkls + Cros (2€33)1T°

+[FTaBegB+DTGﬁKgﬁ]a3T0} (24b)

where a is the planform area of the repeating element; Copyo
(o, B,7,0=1,2) are extensional stiffnesses; D,g,, are bending
stiffnesses; £, are bending-extensional coupling coef-
ficients of. the plate; C,;5; are transverse shear stiffnesses of
the plate; the coefficients C;, Fy, and Dy are effective
thermoelastic stiffnesses of the plate model; and a repeated

Greek index denotes summation over the range 1, 2.

Kinetic Energy

If the inertia terms associated with the transverse normal
strain €9 are neglected, the kinetic energy can be written in the
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Table 2 Elastic and dynamic coefficients for tetrahedral and hexahedral grids

Tetrahedral grid

Hexahedral grid

\@Lz
‘ 2
W31 1L?
Cri11=Cap; < L (EIAI +E,4,+ 7 a EdAd)
V3 1 1L°
Ciizz 7L E,A+E,A, 947 EdAd>
YEN L3
Ciz 7 Z (E A +EA+ - 9 d3 EdAd)
1 h?

Clm = C.‘2233 \‘/_5 ; E A,

_ h*
Cisss MﬁEdAd
V3 h
Fi=Fpp T Z (E)A;—E;A,)
V3 h
Fri=Fp,; ? Z (E,A,—E;A;)
V3 h?

D)y =Dy, 3—15 I (E,A,+E,A;)
D =D V3 h? (E;A, +E;A5)
nz=Heoe T 2
1 h?

Cr313=Cas; ﬁ (F E A,

1 hL
Fi3=Fay, 6 d’ E Aq
=—Fj;
1 d
m Z\Gi (0,4, +p,A,+ ZPdA(/)
h
m,; \/§Z (p1A;—p,A;)
V3 n? 1d
m, 2T (p,A +p,A4, +3 LPdAd)
V3 1L
Cr11=Cry; T (aIEIAI +o,E,A, + 3 ;adEdAd)
_ h?
Crs; 2‘/3(? agE A,
Vi h
Friy=Fr; - 7 (B A, —a,E3A))
2 L
V3 h?
Dy =Dry; 71 (e, EjA + oy B A,)

2L°

1 1
Z <1+ 275)(E,A,+E2A2)

N‘\.
S
~ o~

(E,A,+E;A;)

2~
N~

(E;A,+EA;y)

1/
ﬁ(l z\r)(EA +E,A)
svar (ErAI+EAY)
hz

(FEdAd

S

d

2 l 1 h
7 [<1+ 7) (prA,+p,A4;)+ 317 ZpdAd]

g[(I %)(P/A/ PzAz)]

p. A+

h?[<1+ 1)( A, + A)+1h A+1d A]
2L 2 pP1ApFTPpA, 6Lpl' v 3Lpd d
1 1

Z<1+\‘/_§>(QIEIAI+QZE2A2)

h

Pal,E[.Al,

h 1
2L (1+ \f) (a,E/A) —a,E5A;)

h? 1
i <1+\F)(a,EA +o,E,A,)

following form:
K="Y2a0?[m, (ulul +wow’) +2m,ulé, +my¢,6,] (25)

where a is the planform area of the repeating element; m,,m,,
and m, are density parameters of the plate; and w is the

circular frequency of vibration of the plate. The elastic,
thermal, and dynamic coefficients of the two grids shown in
Figs. 4a and 4b are given in Table 2. For the tetrahedral grid,
the corresponding coefficients based on the theory of Refs. 7
and 8 are given in the cited references. .



1226 NOOR, ANDERSON, AND GREENE

ATAA JOURNAL

Table3 Comparison of maximum displacements and minimum vibration frequencies (in hertz) obtained by the continuum
beam models with exact solutions for the lattices shown in Fig. 1. Numbers of bays = 10

Single-bay double-laced

Double-bay single-laced Inverted batten

Beam model ' Exact Beam model Exact Beam model Exact

105 xud/pP 0.297 0.296 0.436 0.436 0.292 0.286
(m/N)

102 xw?/Q,; 0.179 0.178 0.203 0.203 0.199 0.194
(m/N)

10° x ¢, /M, 0.817 0.817 2.105 2.115 0.289 0.290
(m/N) !

w; present 0.65412 0.6558° 0.69252 0.69272 0.62734 0.6375%
Ref. 7 0.71462 0.68922

w, present 3.1547 3.1529 2.1476 2.1467 3.6167° 3.74372
Ref. 7 2.4373 3.9166%

w3 present ~3.7617% 3.8239® 3.74932 3.79802 5.0533 5.0536
Ref. 7 ] 3.8724%2 5.0533 .

w,4 present 9.43572 9.41384 6.4428 6.4182 9.09712 9.70382 |
Ref.7 7.3120 9.7108%2

ws present 9.4642 9.7942 8.915342 9.1643% 12.749 12.904
Ref.7 . 9.2135% 12.854

wg present 12.510 12.558 10.738 10.561 15.160 15.166
Ref. 7 12.187 . 15.160

w7 present 15.774 15.536 11.704 11.603 15.7802 17.4058
Ref.7 13.131. 16.6322

2Bending modes (each frequencey is associated with two modes, corresponding to bending in the X; —x3 and x, ~x3 planes).

Numerical Studies

To test and evaluate the accuracy of the predictions of the
continuum models developed, a number of thermoelastic
stress analysis and free vibration problems are solved by these
models. Comparisons are made with exact solutions based on
direct solution of the actual lattice structure. Two problem
sets are presented herein. These problems are 1) stress and free
vibration analysis of beamlike lattices; and 2) thermoelastic

n=5 n=20
FIVE REPEATING ELEMENTS TWENTY REPEATING ELEMENTS
_'bi=ith BENDING MODE
ti=ith TORSIONAL MODE

110

ei=ith EXTENSIONAL MODE
105k L
w'w 12
“exact
t1 bl tl el
1,00 bl el Fa— b2 b3
2
b2
0.9 H
b3
ol L1 1]

a) SINGLE BAY DOUBLE LACED BEAM

n=10 n=30
{5 REPEATING ELEMENTS) {15 REPEATING ELEMENTS)
L
“exact
Lo - PRESENT THEORY

NN THEQRY OF REF, 7

1.05

0.95

0.9

Fig. 6 Accuracy of minimum frequencies obtained by the beam
models for the lattices shown in Fig. 1.

stress and free vibration analysis of a hexahedral double-
layered grid. These problems are discussed subsequently.

Stress and Free Vibration Analysis of Beamlike Lattices

The first problem set considered is that of the stress and
free vibration analysis of cantilever beamlike lattices. Three
different configurations are considered. The geometric and
material characteristics of these structures are shown in Fig.
1. The continuum models for these structures are taken to be
cantilever beams having the elastic, thermal, and dynamic
coefficients listed in Table 1. For stress analysis problems, the
structures were subjected to longitudinal, transverse loadings
and twisting moments at their free end. The continuum model
solutions presented herein for these problems are closed-form
solutions. For the free vibration problems, the continuum
beam model solutions are analytic solutions, which are ob-
tained by using the computerized symbolic and algebraic
manipulation system MACSYMA.? The CPU times required
for obtaining the continuum model solutions are so small as
to become insignificant in comparison with the CPU times
required for the direct solution of the lattice grids. Typical
numerical results are shown in Table 3 and Fig. 6. .

Table 3 gives the maximum displacements u¢ and w?,
rotation ¢, at the free end, and the lowest seven frequencies
obtained by the beam models, along with the exact solutions
obtained by direct analysis of the actual structure for lattices
with 10 bays. The frequencies obtained by the theories of Ref.
7 (with all strain gradients neglected) also are given in Table 3.
Figure 6 gives an indication of the accuracy of the lowest
seven frequerncies obtained by the present theory and theory
of Ref. 7 for the single-bay, double-laced and the inverted
batten beams. The theory of Ref. 7 was found to overestimate
the bending, transverse shear, and torsional stiffnesses of the
double-bay, single-laced beams and the bending stiffnesses of
the inverted batten beams. Therefore, the minimum
frequencies obtained by the theory of Ref. 7 overestimate the
frequencies of the actual lattice structure (see Table 3) and do
not converge to the exact frequencies as the number of bays
increases (see Fig. 6b). On the other hand, the solutions
obtained by the present theory are highly accurate, especially
when the wavelength of the vibration mode encompasses
more than one repeating element. For lattices with 10 bays,
the maximum errors in the vibration frequencies were less
than 3% and 4% for double-bay, single-laced and single-bay,
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Table4 Comparison of transverse thermal displacement at the
center and vibration frequencies (in hertz) obtained by
continuum plate models with exact solutions for the double-layered
hexahedral grid shown in Fig. 4

Continuum plate models

Refs.7and 8  Present  Exact solution

wyop X 102 (meters) 4.749 5.041 5.077
Wootom X 102 (meters) 3.732 4.029 4.064
Wy, 4.454 4.481 4.505

Wy, 7.573 7.669 7.731

@y, 9.709 9.891 10.082

w3 10.917 11.161 11.220

wgy 13.094 13.094 12.840

wy3 12.449 12.793 13.062

Wy 14.246 14.726 14.655

w33 14.630 15.146 15.580

@5y 15.415 16.001 16.178

wys 17.522 18.319 17.815

17.174 17.937 18.318

“iq

double-laced beams, respectively. For inverted batten beams,
the maximum error in the vibration frequencies was 9.3% and
reduced to 4.2% when the number of bays was increased to
20. The larger error for the inverted batten beam may be
attributed to their complex geometry.

Thermoelastic Stress and Free Vibration Analysis of Platelike Lattice
Grid

The second problem set considered is that of the ther-
moelastic stress and free vibration analysis of the hexahedral
double-layered grid. The characteristics of the grid are shown
in Fig. 4a. The boundary nodes are restrained in the x;
direction, as well as along the edge where they lie. The con-
tinuum model is taken to be a simply supported square plate
having the elastic, thermal, and dynamic coefficients listed in
Tables 2 and 3. For thermoelastic stress analysis problems,
the temperature is assumed to be uniform at the nodes of the
top and bottom surfaces and equal to 100° and 50°C,
respectively. The continuum model solutions presented herein
are analytic, double-trigonometric series solutions.

Table 4 gives the transverse thermal displacements at the
center and the lowest 11 vibration frequencies obtained by the
present theory, the theory presented in Refs. 7 and 8, and the
exact solutions for the case n = 8. The transverse normal strain

MR PRESENT THEORY
THEORY OF REF, 7
1= INPLANE MODE

1.25[—

N T T

LI LU TR

0.50

Fig. 7 Accuracy of minimum frequencies obtained by plate models
for hexahedral grid shown in Fig. 4a (4,/4,=1.6,
Ag/A,=A,/A4,=20).
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€% was computed using Eq. (22) and is found to be
€)=Crs3/Cy33T=a,T* (26)

As can be seen from Table 4, the solutions obtained by the
present theory are consistently more accurate than those
obtained by the theory of Refs. 7 and 8. The maximum errors
in the vibration frequencies and transverse thermal
displacement obtained by the theory of Refs. 7 and 8 are 7%
and 9%, respectively. The corresponding errors in the
solutions obtained by the present theory are only 3% and
0.1%. The differences between the predictions of the present
theory and those of the theory of Refs. 7 and 8 are due to the
differences in the contributions of the vertical and diagonal
core members to the elastic and thermal coefficients in the two
theories.

In order to amplify the effect of these differences and to
serve as a severe test for the accuracy of the two theories, the
areas of the core numbers in the grid were increased by two
orders of magnitude, and the free vibrations of the new grid
were studied. An indication of the accuracy of the lowest six
frequencies obtained by the present theory and the theory of
Ref. 7 is given in Fig. 7. As can be seen from Fig. 7, even for
this extreme case, the present theory is quite accurate. On the
other hand, the predictions of the theory of Ref. 7 are con-
siderably in error.

Concluding Remarks

A simple, rational approach is presented for developing
continuum models for repetitive beam- and platelike lattices
with arbitrary configurations subjected to static, thermal, and
dynamic loadings. The continuum models account for the
local effects in the repeating element of the actual structures
and are characterized by their thermoelastic strain and kinetic
energies, from which the equations of motion and constitutive
relations can be derived. The procedure for developing the
expressions for the thermoelastic strain and kinetic energies is
based on introducing kinematic assumptions to reduce the
dimensionality of the lattice; expressing the longitudinal
strains in the individual members in terms of Taylor series
expansions of the strain components in the coordinate
directions; and obtaining effective thermoelastic and dynamic
coefficients of the continuum in terms of the material
properties and geometry of the original lattice structure.

Numerical results are presented for the stress and free
vibration analysis of cantilever beamlike lattices and simply
supported, double-layered hexahedral grid. These examples
demonstrate the high accuracy of the continuum models
developed even for lattices with a small number of panels.
Moreover, it is shown that, for lattices with large diagonal or
core members, inclusion of the local effects in the repeating
element in the continuum model is necessary to obtain correct
thermoelastic coefficients. If these effects are not included,
significant errors can result in the predictions of the con-
tinuum models. The real potential of the continuum models
developed herein can be realized for lattice structures with a
large number of panels where either a small number of finite
elements are used for their analysis or, whenever applicable,
analytic solutions aré obtained.
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